The problem of on-board trajectory optimization for an airbreathing, si ngle-stage-to-orbit vehicle is examined. A simple model representative of the aerospace plane concept, including a dual-mode propulsion system composed of SCRAMJET and rocket engines, is presented. Consideration is restricted to hypersonic flight within the atmosphere. An energy state approximation is employed in a four-state model for flight of a point mass in a vertical plane. Trajectory constraints, including those of dynami c pressure and aerodynamic heating, are initially ignored. Singular perturbation methods are applied in solving the optimal control problem of minimum fuel climb. The resulting reduced solution for the energy state dynamics provides an optimal altitude profil1e dependent on energy level and control for rocket thrust. A boundary-layer analysis produces an approximate lift control solution in feedback form and accounts for altitude and flight path angle dynamics. The reduced solution optimal climb path is presented for the unconstrained case and the case for which a maximum dynamic pressure constraint is enforced.
INTRODUCTION
This paper addresses the task of trajectory optimization and guidance law development for a class of hypersonic vehicles commonly referred to as "the" aerospace plane. This as yet unproven vehicle concept involves aircraft fueled by liquid hydrogen that can depart and land horizontally from conventional runways, maintain hypersonic cruise in the upper atmosphere for long durations, and accelerate to orbital velocity. The National Aerospace Plane (NASP) Program, currently underway, seeks to develop a hypersonic research aircraft, designated the X-30, that is capable of demonstrating the technology required to achieve such operations. A host of potential missions, both military and civilian, have been identified for this concept in various governmentsponsored studies over the past several decades. These missions range from advanced interceptors and high-performance reconnaissance aircraft to transports capable of cruise at Mach 6-12. This paper considers the particular mission of singlestage-to-orbit which promises, by the use of airbreathing hypersonic propulsion and greatly reduced launch operations, an order of magnitude TP5 -2:00 reduction in the cost of placing payloads in low Earth orbit [1] . Establishing rapid turnaround in space operations is a crucial component to cost reduction and a primary objective of the NASP Program. Automatic and adaptive trajectory control is an essential feature of the aerospace plane design for this reason. An energy state approximation and singular perturbation theory, which together have been successfully applied to similar problems for fighter aircraft [2] [3] [4] [5] , are employed in seeking to develop computationally efficient and robust analytical and computer methods suitable for on-board flight trajectory optimization.
Many of the modeling approximations employed for analysis of subsonic and supersonic aircraft optimal trajectories are not valid for a vehicle with hypersonic cruise and orbital capabilities. These include the assumption of a flat Earth, constant vehicle weight, and a constant gravitational field. The problem of optimal airbreathing ascent to orbit is further complicated by the presence of severe trajectory constraints and the requirement for multiple modes of propulsion. SCRAMJET engines are incapable of operation below Mach 3 or 4. Alternate forms of propulsion are needed for take-off and landing, acceleration to supersonic speeds, and fllght at the limits of the sensible atmosphere. The scope of this paper is limited to flight above Mach 5; thus we shall not consider a transition in the hypersonic flight regime. As the vehicle accelerates toward orbital velocity, it must continually gain altitude in order to avoid excessive aerodynamic heating.
SCRAMJET performance degrades as altitude increases. The vehicle must convert to rocket propulsion as it leaves the atmosphere but the transition from SCRAMJET to rocket propulsion may well -be advantageous prior to achieving orbital velocity. This transition to rocket propulsion during acceleration to orbital velocity must occur even if heating and other constraints are ignored since the fuel efficiency of a SCRAMJET degrades with increasing Mach number and will eventually fall below that of the rocket. A means for identifying the optimal point of propulsion system transition is presented in this paper.
Experience has shown that if a dynamic pressure constraint is imposed on the vehicle (the highest practical value being about 2,000 psf) then the freedom of control for optimizing performance i's largely eliminated [6] . It where thrust specific fuel consumption is represented by c5 for the SCRAMJET and cr for the rocket. The control variables are rocket engine throttle (n) and vehicle lift (L). The objective is to minimize the fuel consumed in an unconstrained energy climb. The performance index is given by: J = -m(tf); tffree (10) PROBLEM FOIULATIOf Consider ataospheric flight in a vertical plane over a spherical non-rotating earth. The equations governing such flight can be reduced to a four-state model in radial distance from the center of the earth (r), mass specific energy (E), flight path angle (y), and vehicle mass (m).
The equations are:
It is assumed that the atmosphere is stationary and that the thrust vector is directed along the path. In (2), E is employed as a state variable in place of velocity (V), where
The task is to determine the controls, r and L, so that equation (10) 
thus n = 1 when S < 0 and n = 0 when S > 0,
The question naturally arises as to whether or not a discontinuity in h will occur during the maximization process of (17) when a switch in rocke t throttle occurs. Examination of equation (17) 
AERODYNMIC AND PROPULSIVE MODELS
A seventy-degree swept-back delta winged hypersonic research airplane concept studied by NASA in the mid-1970's was selected as a nominal vehicle configuration. This design is based on a fixed geometry modularized SCRAMJET propulsion system that is closely integrated with the airframe. A variety of windtunnel data are available for this vehicle in the open literature over the Mach range 0.2 to 6.0 [7] . A full-scale vehicle of 150 feet total length and 200,000 lbs. gross take-off weight is assumed representative of the X-30 research aircraft. Consideration is restricted to flight above Mach 5.
Aerodynamic Model
The aerodynamic reference area (s), taken to be the projected area of the wing planform, including the part encompassed by the body, is 3,780 sq. ft. The angle of attack along the optimal climb path turns-out to be very small, thus it is reasonable to assume a parabolic liftdrag polar of the form 
where CDo is given for trimmed flight at M=6 as 0.0215 and K is estimated by a least-squares curve fit to the data as 0.1626 [7] . The induced drag coefficient, K, is assumed independenft of Mach number for M > 5 by means of the Mach Number Independence Principle [8] .
SCRAMJET Propulsion Model
Although the supersonic combustion ramjet (SCRAMJET) concept has been known for over two decades, the lack of appropriate unclassified experimental data, cycle analyses, and combustion analyses requires that we use a simple conceptual model for the purpose of vehicle trajectory optimization. What follows is a brief description of the model used and the philosophy behind it.
Conceptually, the SCRAMJET is as simple an airbreathing combustion device as one could imagine. In the case of the above-mentioned vehi-cle concept, the entire underside of the vehicle plays a role in the operation of the propulsion system. Figure 1 shows [9] . Since information concerning recent progress in supersonic combustion was not available, a simple combustor model was incorporated. This is a straightforward Rayleigh line calculation. An iterative scheme is used to determine the nozzle entrance Mach number, by maintaining the mixture ratio at or below the stoichiometric value. No detailed combustion calcul ations with multi-species gases is attempted in the present version of the model although these could be readily incorporated as a more definitive model-of practical SCRAMJET combustion comes into focus.
The propulsive drag estimate of Billig [9] was incorporated to account in a simple way for some of the frictional losses. No attempt was made to incorporate vehicle integration effects in an interactive fashion. Experience with the aerodynamic simulation shows that very small vehicle attitude changes take place during equilibrium flight. Therefore in the present state of development, no vehicle attitude dependence has been included in the propulsion model. The flexibility of the algorithm will make such additions quite easy to make as the need for them is established. Fuel preheat due to its circulation as a coolant prior to combustion is currently 7gnored as is the addition of fuel into the combustor in excess of the stoichiometric ratio for the purpose of structural cooling. Figure 2 shows the calculated performance at an altitude of 50,000 ft. in terms of the specific impulse, lsp. The indicated performance is quite similr to that estimated by others [10, 11] . The computational algorithm provides information of fuel flow rate, propulsion module thrust, propulsion drag, and the standard performance parameters.
Rocket Propulsion Model
In addition to its SCRAMJET engines, the 
where AE represents nozzle exit area and p is atmospheric pressure given as a function of altitude.
NUMERICAL RESULTS
Reduced solution trajectories for the stated vehicle model were generated by carrying-out the maximization process of (17) over the energy range corresponding to V = 5,000 ft/sec at h=0 to V = 25,000 ft/sec at h=200,000 ft. The unconstrained case and the case for which dynamic pressure is constrained to be less than 2,000 psf are presented in Figure 3 .
The unconstrained case initially exhibits an acceleration at constant altitude. This is followed by a rapid transition in altitude at approximately Mach 10 due in part to the modeling of atmospheric properties (an isothermal layer is assumed from h = 36,000 ft to 82,000 ft) and in part to a transition in SCRAMJET performance. Below Mach 10 optimum engine performance is achieved at a fuel-to-air ratio less than stiochiometric whereas above Mach 10 the calculated fuel-to-air ratio exceeds its stiochiometric value. Since no additional thrust is available at a higher ratio, the fuel-to-air ratio is constrained in the engine model to remain less than or equal to its stiochiometric value. From this point in the trajectory a slow steady climb ensues until the altitude exceeds 82,000 ft, at which point a constant altitude acceleration is again optimal (since the assumed isothermal layer terminates). Note that at a velocity of approximately 21,000 ft/sec the rocket engine is deemed advantageous and is turned on. At a velocity of 25,000 ft/sec SCRAMJET efficiency has been reduced to the level of the rocket and an irmmediate climb out of the atmosphere is initiated. The weight of fuel expended along this path given an initial weight of 200,000 lbs is estimated as 126,661 lbs.
Optimal SCRAMJET performance demands flight at an altitude for which the highest mass flow of air is available. Consideration of the airframe, however, dictates that dynamic pressure be limited, the highest practical value being approximately 2,000 psf. Maximization of (17) subject to q < 2,000 psf results in the constrained trajectory presented in Figure 3 . Here the vehicle follows the q constraint all the way up to V = 24,000 ft/sec (the rocket being advantageous above a velocity of 19,500 ft/sec), at which point climb out of the atmosphere is initiated for the same reason as cited for the unconstrained case. Note that temperature limits on the nose and wing leading edges (not enforced) may force climb out of the atmosphere at a lower Mach number. Total fuel expended along the constrained path for the same initial weight is estimated at 134,146 lbs. This corresponds to 3.7 percent more of the total gross weight being expended in achieving the specified final energy than in the unconstrained case.
CONCLUSIONS
It has been shown that an energy state approximation and model order reduction through singular perturbation theory for a single-stageto-orbit vehicle lead to a simple suboptimal guidance law in feedback form. For the case in which rocket propulsion is considered in conjunction with airbreathing engines, a identifying the optimal point of system transition from rocket off to has been developed. 
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